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Resumo
Pentes de frequência ópticos têm sido desenvolvidos para medias de precisão
e metrologia, mas tabém vêm ganhando interesse para espectroscopia de precisão
de banda larga. Pentes ópticos no infravermelho médio são muito atraentes para
espectroscopia molecular, dado que eles permitem acesso a fortes bandas vibra-
cionais de gases na chamada "região de digital molecular". Pentes ópticos são
uma tecnologia bem desenvolvida no infravermelho próximo, dado a disponibili-
dade de lasers de Ti:Safira e Er-fiber, e apesar de desenvolvimentos recentes, sua
extensão para o infravermelho médion depende de conversão não-linear de fre-
quência.
Aqui, pretendemos estudar a greração de pentes ópticos no infravermelho
médio via geração de diferença de frequência e amplificação paramétrica óp-
tica do espectro de um oscilador de femtosegundo no infravermelho próximo.
Neste trabalho, analizamos numericamente difereça de frequência e amplificação
paramétrica para a geração de pentes de frequência ópticos no infravermelho mé-
dio resolvendo no domínio do tempo as equações acopladas para o campo elétrico
em mistura de três ondas para pulsos ultracurtos. Uma abordagem tradicional é
a utilização de quasi-phase matching em cristais periodicamente polados, o que
pode ser bastante eficiente, porém apresenta limitações na largura de banda. Nós
investigamos cristais com um período fixo, e cristais aperiódicos, ou chirped, tanto
com chirp contínuo como discreto. Nós comparamos as configurações nas quais
a amplificação paramétrica é otimizada ou não, explorando uma analogia entre
conversãpo não-linear em sistemas de dois níveis.
Nossos resultados são apresentados como gráficos temporais dos pulsos, seus
respectivos espectros e potências ao longo dos cristais, e comparados com resul-
tados experimentais, com o intuito de ajudar experimentos futuros.
Abstract
Optical frequency combs (OFC) have been developed for precision measure-
ments and metrology, but have also gained interest for broadband precision spec-
troscopy. OFC in the mid-infrared (MIR) are very attractive for molecular spec-
troscopy, since they allow to access the strong vibrational bands of gases in the
so-called molecular fingerprint region. OFC are a well-developed technology in
the near-infrared, due to the avilability of Ti:Saphire or Er-fiber lasers, and spite of
recent developments, their extension into the MIR relies on nonlinear frequency
conversion.
Here we intend to study the generation of MIR OFC via difference frequency
generation (DFG) and optical parametric amplification (OPA) of spectral portions
of a near-infrared femtosecond oscillator. In this work, we numerically analyze
DFG and OPA for the generation of optical frequency combs in the mid-infrared
by solving the time-domain coupled wave equations for the electric fields in three-
wave mixing for ultrashort pulses. A traditional approach is to use quasi-phase
matching in periodically poled crystals, which can be quite efficient but may have
bandwidth limitations.We investigate periodically poled crystals with a single-
grating and aperiodic or chirped crystal with either continuous or discrete chirp.
We compare the configurations in which a strong pump pulse has higher or smaller
wavelength compared to the signal, cases in which the parametric amplification
is enhanced or not. We also analyze these results in the context of adiabatic fre-
quency conversion, which explores an analogy between nonlinear conversion and
two-level systems.
Our results are presented as time plots for the propagation of the pulses, their
corresponding spectra and powers along the crystals and are compared to experi-
mental results, and also intended to support further experiments.
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Optical frequency combs were originally developed for metrology and preci-
sion measurements [1, 2], but their applications are important in many other areas.
One of them is spectroscopy, for which a frequency comb can provide a coherent
source with an unique combination of large bandwitdth, high precision and reso-
lution. Mid-infrared (MIR) combs are receiving recent interest because they can
be used to access the strong vibrational bands of small molecules, such as the
gases present at the atmosphere. Figures 1.1 and 1.2 present simulated spectra of
acetylene (C2H2) and methane (CH4), assuming a 1 cm long cell at atmospheric
pressure and room temperature. Combinantion or overtone bands are seen in the
near-infrared and fundamental bands in the mid-infrared. We can readily see that
the absorption in MIR is much higer, which represents a considerable advantage
in terms of sensitivity for sensing and spectroscopy. In addition, specific spec-
troscopy techniques have been developed for use with OFC, such as VIPA spec-
troscopy [3] and dual-comb spectroscopy [4–7]. This last one is totally analogous
to the widely used Fourier transform spectroscopy, but with several advantages.
The generation of MIR-OFC has been investigated using quantum cascade
lasers [8, 9], supercontinuum generation in waveguides [10], or by nonlinear fre-
quency conversion of near-infrared sources via difference frequency generation
[11–13] or optical parametric amplification [14–16]. In this thesis we numer-
ically analyze the generation of MIR OFC by difference frequency generation
(DFG) and optical parametric amplification (OPA) of spectral portions of the
11
Figure 1.1: [Near-Infrared absorption spectra of Acetylene (left) and Methane (right), in a 1 cm
cell, at atmospheric pressure and room temperature.]
Figure 1.2: [Mid-Infrared absorption spectra of Acetylene (left) and Methane (right), in a 1 cm
cell, at atospheric pressure and room temperature.]
same infrared Er laser fiber. This work is motivated by the experimental results
of [17, 12, 13]. An advantegeous feature is that since the "pump" and "signal"
input pulses are derived from the same oscillator, they have a common carrier-to-
envelope offset frequency ( fceo), which is then cancelled by the DFG process.
This thesis is organized as follow. Chapter 2 presents a short review of nonlin-
ear optics, in order to introduce some usefull concepts and terminology. Chapter
3 explores an existing analogy with atomic two-level systems to study the DFG
[18–20], where instead of coupled wave equations, we have a geometrical ap-
proach [21–23] where we only need to solve a cross product. Also, we can adopt
concepts like rapid adiabatic passage (RAP)[24–26], and the Landau-Zener for-
mula [27–31] to achieve maximum conversion efficiency. Now, for the frequency
conversion, we can use the analogy [20, 18, 19, 32–34] and adjust the RAP con-
12
ditions to our phase matching and observe that the beam conversion has the same
efficiency as that described on the excitation of two level systems.. This allows us
to have a broadband conversion and with high efficiency. Chapter 4 presents most
of our results, where we simulate ultrashort Gaussian pulses, taking group veloc-
ity mismatch (GVM) into account. We see how these pulses propagate through a
single-grating PPLN crystal, and compare to how it propagates through an aperi-
odic chirped crystal designed using RAP.
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Chapter 2
Review of Non-Linear Optics
2.1 Maxwell’s Equations
In this chapter, we will explore how the waves propagate in a nonlinear media.
Also, further description of some nonlinear effects known as Three Wave Mixing
will be explored, and finally, some discussion about how to optimize this phenom-
ena in order to achieve maximum conversion of the output laser. We will be using
the CGS system of units.
We should start this study with Maxwell’s equations, here in the differential
form:












In here, we have ρ f and ~J f , which are respectively, free charges, and free
currents on the media, also called "sources". ~E and ~B are the Electric and Magnetic
fields. ~D and ~H are auxiliary fields, defined as:
~D = ~E +4π~P
~H = ~B−4π~M
~P and ~M are the Polarization and Magnetization of the media, which describe
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how the material responds to radiation. In this work, we will only take into ac-
count the polarization vector.
When we talk about Linear Optics, most of classical optical phenomena can
be described with a polarization defined as ~P(L) = χ(1)~E in which the polarization
is linearly proportional to the electric field. In this approximation, we can write
the displacement vector ~D = ε(1)~E, with ε(1) = 1+ 4πχ(1). Again, we notice the
linearity of the approximation because the displacement vector is proportional to
the Electric Field.
Now, when the intensity of the light is high, which is possible using laser
sources, this linear relation cannot explain some of the new effects that appear,
such as Three Wave Mixing , where the frequency of the light coming out of the
material is a combination of two other input lasers[35], as shown in 2.2.
2.1.1 Wave Equation
Since we have no free charges or any current in the nonlinear crystal, we can
rewrite (2.1), in order to have:
























This is a wave equation for the electric field ~E propagating through a media
with polarization ~P.
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2.1.2 Monochromatic Laser Beams
At first, we are assuming that our laser beams are monochromatic, which
means that they have only one single frequency and can be described as:
~E(z, t) = ~A(z, t)ei(kz−ωt) (2.4)
We have here the amplitude of the beam (~A), the wavevector (k = 2πn
λ
, where
n is the refractive index of the media, and λ is the wavelength), and the frequency
(ω). The beam propagation axis is the "z" axis.
We will also assume the low varying envelope approximation [36], where the
amplitude (~A) of the beam varies slowly as it travels along the propagation axis,
or ∂
2
∂z2 A(z, t)∼ 0.
2.1.3 Ultrashort Pulses
We will also consider a temporal Gaussian pulse, which has a time dependency
of the form:










defines the envelope of the pulse, where τg is the pulse dura-




Also, we should take into account the group velocity mismatch (GVM), also
known as temporal walk-off, which arises from the difference in group velocities
for pulses with different center wavelengths along a crystal with a refractive index
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n is the refractive index (see appendix B), and the indices 1 and 2 refer to
different pulses with different group velocities.
Group Velocity Dispersion
Another important term to be considered when using ultrafast pulses, is the
group velocity dispersion (GVD), which can broaden the pulses and reduce the







where j is the index representing the pulse, which can be the pump (p), signal
(s) or idler (i).
2.2 Three-Wave Mixing
Three wave mixing is a technique involving two input lasers generating a third
laser, with a new frequency related to the frequencies of the input.
Examples include Second Harmonic Generation (SHG), when both input lasers
have the same frequency, and generates one with double that frequency. We can
make Sum Frequency Generation (SFG), or Difference Frequency Generation
(DFG), in which the frequency of the new laser can be both the sum, or differ-
ence of the input frequencies.
2.2.1 Nonlinear Polarization
To be able to explain such phenomena, we assume that polarization is no
longer linear with the electric field. If we expand the polarization in Taylor se-
ries, it can be described as:
~P = χ(1)~E +χ(2)~E2 +χ(3)~E3 + ...
= ~P(L)+~P(NL)
(2.9)
Where ~P(L) = χ(1)~E is the linear polarization, and ~P(NL) includes all the non-
linear terms of the expansion.
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In this work, we are only concerned with second-order nonlinear effect, specif-
ically difference frequency generation, which allows us to produce a laser source
with a frequency proportional to the difference of two input laser sources avail-
able. More about this phenomena below, at 2.2.2.
Using the conventional terminology, we will call the first two lasers as pump
and signal, while the generated one will be denoted as idler.
Now, we have the incident radiation:
E = Apei(kpz−ωpt)+Asei(ksz−ωst) (2.10)
For the nonlinear polarization, lets first consider only the frequency of the
electric field, and define E j = A jexpik jz, with j = p,s, for both pump and idler
respectively:
P(NL) = χ(2)|E|2 =











Looking at (2.11), one can see that there are four different possible phenom-
ena. The first one is optical rectification, which consists of the generation of a
quasi-DC polarization.
The second therm is the second harmonic generation (SHG). In here, it is
possible to produce an electric field with twice the frequency of the input.
The third nonlinear phenomena described on equation (2.11), is the sum fre-
quency generation, where two different input beams (Pump and Signal), produce
a third electric field (Idler), whose frequency is given by the sum of both Pump
and Signal frequencies (ωi = ωp +ωs). More details can be found at [36].
Finally, there is the difference frequency generation (DFG), and this will be
the scope of this work. In this phenomena, we generate an Idler with frequency
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given by the difference of both pump and signal frequencies (ωi = ωp−ωs).
2.2.2 Difference Frequency Generation
On the Difference Frequency Generation, as seen on equation (2.11), the non-




where ωi = ωp−ωs.















Now, remembering that E j =A jeik jz, for j = s, p, we can get a relation between
the field amplitude of the Idler Ai with the field amplitudes of the Pump and the
Signal, Ap and As respectively:











Now, we use an approach, where the Amplitudes of the fields vary slowly, and









δk = kp− ks− ki (2.16)
Here, we defined δk = kp−ks−ki, which is called phase mismatch parameter.
On a similar procedure, remembering that for DFG we have both (ωp = ωi +ωs)
and (ωs = ωp−ωi), we can now determine the equations for both the Pump and


















We will call optical parametric amplification the case where the pump fre-
quency (ωp) is higher than the signal frequency (ωs), hence the idler frequency is
ωi = ωp−ωs (frequency must be positive). We are denoting the pump beam as
the one with more power.
This configuration not only generates the idler beam, but also amplifies the
power of the signal. In an OPA, we have the relation ωp >ωs >ωi, which explains
why both signal and idler are amplified, since the energy of the pump beam is
distributed between the other two. This does not happen for the DFG case, once
we have ωs > ωp > ωi and once pump is the most intense beam, the energy of the
signal generates idler, while the pump beam does not suffer much depletion.
Figures 2.3 and 2.4 below show the difference between a DFG, and an OPA.
2.3 Phase Matching
Phase matching is a very important condition to satisfy. If we are out of this
condition, the generated pulse (idler) would have destructive interference in dif-
ferent places of the crystal, The phase matching assures that the idler generated at
z = 0.1 cm will propagate and constructively interfere with the idler generated at
z = 0.9 cm, for example.
Remembering equation (2.16) for difference frequency generation on 2.2.2,
we have:
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When we impose that (δk = 0), we get a relation between the refractive in-
dexes:









As we know, the refractive index increases with the frequency for normal dis-
persion, and since we have ωp > ωs > ωi, we also have np > ns > ni. Now, on
equation (2.21), the left-hand side has (ni− ns < 0), and the right-hand side has
(np−ns > 0). This means that, the equation (2.21) dos not have any possible so-
lution, hence equation (2.16) will never be zero, and the phase matching condition
will not be achieved.
Many techniques were used to fix this problem. The most used is birefrin-
gence, where media with polarization dependence refractive indexes are used.
This method is very widely used, both for simplicity and cost (as we will see at
2.3.1). Over the years, a more robust technique was created, where quasi-phase
matching could be achieved independently of polarization (discussed at 2.3.2).
2.3.1 Birefringence
Birefringent materials are the ones where the refractive index varies depending
on the polarization of the incident radiation. Fig B shows the refractive indexes
for MgO : LiNbO3 for ordinary and extraordinary polarizations, plotted using the
Sellmeier equation from [38].
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Figure 2.1: Refractive indexes for Ordinary and Extraordinary propagation trough a c−MgO :
LiNbO3 crystal, calculated with the coeficients found by [38] for the Sellmeier Equation [39].
Note that 2 different wavelengths may have the same value of n.
The idea here is to set, say the pump beam, on the ordinary optical axis of
the crystal, and the other one (in this case, the signal beam), on the extraordinary
optical axis. In this way, it is possible to have the same refractive index for two
different frequencies.
Even though this is a widely used technique due to it’s simplicity, it some-
times require some complicated experimental setup, and it’s limitations regarding
broadband conversion are clear, specially if we are using high frequencies (or
smaller wavelengths, like the infrared or lower). Another main issue regarding
birefringence, is when we actually need both Pump and Signal polirizations to be
the same.
2.3.2 Quasi Phase Matching
This technique involves the manipulation of the second-order nonlinear coeffi-
cient (χ(2)), which can be done with so-called periodically poled materials. Those
are tipically ferroelectric materials, whith the orientation of one of the crystaline
axes is inverted periodically. This inversion forces the wave to change phase as it
propagates, which can compensate the dispersion of the wave mismatch parameter
(δk).
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Periodic Poling
A periodic poled crystal is made by a periodic alternation of the orientation of
the atoms in the lattice, as shown in figure 2.2. This orientation creates specific
domains, which are produced periodically through the crystal.
Using a ferroelectric material and applying a strong electric field to a graded
metal structure attached to the optical c-axis of the crystal, one can create alterned
oriented domains in the crystal, which affects how the wave propagate along this
axis [40].
Figure 2.2: Schematic figure of a Periodically Poled Crystal. Different domains represented by
different colors on the diagram. Two consecutive domains (one of each direction) are one period
(Λ).
Such a configuration gives a second-order nonlinear coefficient (χ(2)) de-









where de f f if the effective value of the tensor χ(2), and Λ is the poling period
of the crystal, as shown in fig 2.2.
Now, using expression (2.22) on equations (2.15), (2.17) and (2.18), we have
a new redefinition of the phase mismatch parameter, which can now be written as:






Now, since we can define the value of Λ at the production of the crystal, all we
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need to do is choose a proper poling period to perfectly match the value ∆k = 0.
This can be seen at appendix C.1
2.4 CW Laser Simulations
Now, assuming that we have a periodically poled crystal, as the one designed
at C.1, and also that we have two monochromatic lasers in the near-infrared, with
the respective wavelengths for pump and signal, λp = 1568 nm and λs = 1048
nm propagating along this crystal, we can simulate the behaviour of these laser
beams, and generate an idler in the mid-infrared, with wavelength at λi = 3158
nm.
The crystal is assumed to be 3 mm long. The material used here, is a con-
gruently grown Lithium Niobate doped with 5% Magnesium Oxide (MgO : C−
LiNbO3). The refractive index for this material can be found at appendix B. The
nonlinear coefficient de f f = 3.56pm/V (same used by [20]), and the poling period
Λ = 30.49 µm (see appendix C.1).
We are going to simulate conditions similar to the experiment described at
appendix A. We solve numerically the coupled equations (2.15), (2.17) and (2.18)
of 2.2. The initial power of the pump and signal beams are, respectively 3.6 W
and 0.13 W , and the amplitudes A of the electric field are obtained through the
equation (2.24) below. Then, with the resulting electric field, we calculate the





which is the average power for a temporal Gaussian pulse with amplitude A,
pulse duration τ, beam area S (S = πw2, and w = 50 µm is the waist size), and
repetition rate frep = 100 MHz. Even though we are using CW lasers in these
simulations, we are presuming a gaussian temporal shape for the calculation of
the average power, just to take into account the pulse duration and repetition rate.
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Figure 2.3: Difference Frequency Generation at a Periodically Poled MgO : C−LiNbO3 Crystal.
Pump(Blue) and Signal(Black) at Near-Infrared (1568 nm and 1048 nm, respectively). Idler(Red)
at Mid-Infrared (3157.2 nm). Repetition rate of pulses at 100 MHz, and waist size of beams 50
µm. The smaller graph is a zoom of the dyanamics between Signal and Idler. Note that when
Signal is maximum, there is no Idler, and vice-versa.
Figure 2.3 the signal and the idler from the pulses at DFG, we can see that
they keep alterning their intensity. The signal converts completely into idler, and
vice-versa.
Figure 2.4: Optical Parametric Amplification at a Periodically Poled MgO : C−LiNbO3 Crystal.
Pump(Blue) and Signal(Black) at Near-Infrared (1568 nm and 1048 nm, respectivelly). Idler(Red)
at Mid-Infrared (3157.2 nm). Repetition rate of pulses at 100 MHz, and waist size of beams 50
µm.
It is interesting to note that for the DFG case (fig (2.3)), the variation of pump
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is small, while the signal and idler keep alterning maximum and minimum ampli-
tudes. However, for the OPA (fig 2.4), the pump loses power, in order to amplify




We will next study the existing analogy between the nonlinear frequency con-
version and the atomic two-level systems. With this analogy, we are able to inves-
tigate this problem from another perspective, via the bloch sphere formalism.
3.1 Undepleted Pump Approximation
In a first approximation, we consider that the pump power does not change, or
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To use this approximation, we physically say that the pump beam is much
stronger than the signal, hence if we take a look at the equation above, the variation
of both signal and idler will be much higher than the pump. We can say, using this
formalism, that there is no pump depletion.
Now, if we assume that the pump beam does not vary, we should trade the first
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equation for ∂Ap
∂z = 0, and also, treat the value Ap as a constant. We have now only







And since Ap is no longer a variable, we can define the coupling constant κ,
which is a common factor between both equations:
κ =





Simulating now equations (3.1) for the undepleted pump approximation the
same way we did on chapter 2, we generate the results in figures 3.1 and 3.2.
Figure 3.1: Difference Frquency Generation at a Periodically Poled MgO : c − MgO :
LiNbO.Undepleted Pump Approximation. Pump(Blue) and Signal(Black) at Near-Infrared (1568
nm and 1048 nm, respectively). Idler(Red) at Mid-Infrared (3157 nm). Repetition rate of pulses
at 100 MHz, and waist size of beams 50 µm).Inset is again th dynamics between Signal and Idler.
Note that it’s the same as in figure 2.3
Fig 3.1 is the difference frequency generation in the undepleted pump approx-
imation. Note that the pump (blue) is constant through the propagation along the
crystal. In a comparison to fig 2.3, we can see above in fig 3.1 that signal and idler
maintain exactly the same dynamic, with the same final values for average power.
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Figure 3.2: Optical Parametric Amplification at a Periodically Poled MgO : C−LiNbO3 Crystal.
Undepleted Pump Approximation. Pump(Blue) and Signal(Black) at Near-Infrared (1568 nm and
1048 nm, respectively). Idler(Red) at Mid-Infrared (3157 nm). Repetition rate of pulses at 100
MHz, and waist size of beams 50 µm).
Fig 3.2 is the optical parametric amplification (where λp > λs) in the unde-
pleted pump approximation. Now, comparing fig 3.2 with fig 2.4, we see that this
approximation is not very useful for this case, since the depletion of the pump
beam is very strong. Also, we can see that the average power of both signal and
idler beams do not have the same intensity as on the undepleted case.
Again, taking a closer look at the signal and idler beam from DFG in fig 3.1
(the same way we did for fig 2.3), we see the relation between this alterning con-
version of signal to idler, if we plot the difference (Pavgi−Pavgs) on fig 3.3:
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Figure 3.3: Difference between average powers of Signal and Idler on and undepleted pump
DFG. First, no Idler (minimum). Than, only Idler, and no Signal (maximum). Smaller image is a
zoom of the dynamics between Signal and Idler.
We can see that, while the power of signal is maximum, the idler is minimum,
and vice-versa, which is very simmilar to the dynamics of population inversion
observed in atomic energy levels, when submitted to a strong pump [41], which
motivates the study of such system using this analogy.
However, the analogy to be made in this chapter is only about de DFG case, for
2 reasons. First, is that it needs the undepleted pump approximation to be valid,
and this cannot be used on the OPA case. Secondly, the dynamics of the signal
and idler beam are completely different for the OPA case, and these dynamics are
not compatible with the two-level system.
3.2 Two-Level Systems Examples
There are several examples of two-level systems, where this analogy can be
explored, like atomic energy levels, nuclear magnetic resonance, spin dynamics,
etc....
As an illustration of what we want to use from this analogy, we show a quick
explanation of the dynamics of an Atomic Energy Level System, where the exist-
ing analogy with our original problem is more evident.
3.2 Two-Level Systems Examples 30
3.2.1 Atomic Energy Levels
Consider a certain atom with 2 possible energy states for its electron, the
ground (|g〉) and the excited (|e〉) states, separated by a specific value of energy
~ω0. In other words, we define the frequency ω0 as the difference between the





Figure 3.4: Schematic representation of a two-level system. Incident pump beam causes ab-
sorption, and the system goes up to the excited state.
Figure 3.5: Schematic representation of a two-level system. Incident pump beam causes stimu-
lated emission as it interacts with the system, causing it to go back to the ground state.
When an incident pump beam (Ep = εei(kz−ωt)) at frequency ω interacts with
this system, it may occur both absorption from the ground to the excited states,
and a stimulated emission, from the excited to the ground state. Spontaneous
emission will be diregarded, because the pump is assumed strong and stimulated
emission rate is higher than spontaneous emission.
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The general state of the system (|ψ〉) is a superposition of the ground and the
excited states, or:
|ψ〉= ag |g〉+ae |e〉 (3.5)
To have |ψ〉 to be a normalized state, we must obey:
|ag|2 + |ae|2 = 1 (3.6)
The frequency at which the population alternates between ground and excited
state, which dependes on the laser intensity (ε) and the dipole moment of the





Another usefull quantity, called detuning, is written as:
∆ = ω−ω0 (3.8)
3.3 The Bloch Sphere
An elegant way of describing such system is through the geometric formalism
of the Bloch Sphere, where instead of solving coupled differential equations, we
have a cross product to solve [22].
The first step, is to write the state vector (ρ), defined as:
~ρ = {U,V,W} (3.9)
U = aga∗e +a
∗
gae (3.10)
V = i(aga∗e−a∗gae) (3.11)
W = |ae|2−|ag|2 (3.12)
Let’s rewrite the differential equations for the coefficients of both ground (ag)
and excited (ae) states, which can be written as the cross product with a torque




~ρ = ~Ω×~ρ (3.13)
Here, ~Ω is the torque vector, defined as:
~Ω = (Ω0,0,∆) (3.14)
Remembering, Ω0 = 1~µε, which is the Rabi frequency of the system, and
∆ = ω−ω0 is the detunning between the pump beam, and the natural frequency
of the system.
W = |ae|2− |ag|2 is called inversion, and can change from −1 (all atoms in
ground state) to 1 (all atoms in excited state). This way, we can define the conver-






In such a system, since the pump beam is constant, the torque vector is also
constant, since ∆ does not vary. Hence, in many possible values for the beam
frequency ω, if it is not in resonance with the system frequency ω0, we have a
nonzero value for ∆, in which the state vector ρ will follow the orange curve in
fig 3.6. If, for instance, the pump beam is in resonance with the system, we have
∆ = 0, and the torque vector is ~Ω = (Ω0,0,0), and then the system ρ will follow
the blue path of fig 3.6, where the system alternates between maximum values for
the ground and excited states.
3.4 Rapid Adiabatic Passage
As seen with the dynamics on the Bloch sphere, if we are able to adjust the
frequency of the pump beam to get zero detuning (or ∆ = 0), we have the state
vector~ρ rotating from the ground state, to the excited state. To prepare the popu-
lation in the excited state using this techinque, the beam is turned off in the exact
moment when the population is entirely on the excited state, as what happens in a
3.4 Rapid Adiabatic Passage 33
Figure 3.6: Geometric visualization of the Bloch Sphere. Blue and Orange curves are examples
of possible paths for the state vector ρ to follow. W axis is the conversion efficiency. Image taken
from article [42].
Pi pulse [41]. However, it is quite dependent of experimental parameters, such as
the intensity stability and frequency of the pump laser.
A more robust way of doing this is through Rapid Adiabatic Passage, where
through the control of the pump beam’s frequency, we adjust the detuning, so that
if it keeps constantly changing, the detuning eventually gets too high (or low), and
no more stimulated emission or absorption occurs.
The efficiency of this technique is determined by the Landau-Zenner Formula
[28], which gives the transition probability from ground to excited state when
detuning is changing.
3.4.1 Adiabaticity Criteria: The Landau-Zener Formula
The Landau-Zener Formula, is a way to determine the efficiency of rapid adia-
batic passage. It has information about the transition probability of such a process,
which is [27, 28]:
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α is called adiabatic parameter. It is easy to see that, if α 1, we have full
population inversion, since Pg→e = 1. This can be understood as the efficiency of
the process of preparing the system in the excited state.
Now, taking a look at the parameter α, we see that it depends both on the
variation of the detuning (d∆/dt), and the Rabi frequency (Ω0). It says that the
variation must be much smaller than the Rabi frequency, which is the coupling of
the system with the applied electric field. This way, all we need to do is control
the frequency of the incident probe beam, so that the detuning slowly varies from
a large positive number, to a large negative number (or vice-versa).
If this condition is satisfied, the efficiency is the curve described in fig 3.7.
The inversion occurs very quickly, according to the Landau-Zener inversion time
[30], which is the necessary time to achieve full population inversion. Using the
formalism of the Bloch Sphere, this conversion efficiency appears when we ana-
lyze the W component of the state vector~ρ. If we remember equation (3.9), W is
the difference between the population on the excited state, and the ground state.
Figure 3.8 shows how the state vector~ρ behaves on the surface of the Bloch
Sphere when RAP conditions are satisfied:
To explain this figure, if we remember the dynamics (equation (3.13)), and
take a closer look to the torque vector (equation (3.14)), we see that if the probe
beam is very intense, we have Ω 1. This way, the state vector will be almost
parallel to the torque vector, since it will rotate around this torque[41]. Now, since
the detuning is slowly varying from a very low to a very large number, this torque
will start pointing down, and will end pointing up, taking along the state vector.
However, if this adiabatic condition (α 1) is not satisfied, the conversion
efficiency is almost null, as shown in figure 3.9. In other words, if we vary the
detuning very quickly, there is no time for the system to absorve the incident
photons, and jump to the excited state.
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Figure 3.7: Landau-Zener efficiency for Rapid Adiabatic Passage, if the adiabatic condition
(α = 0.1 1) is satisfied. Note that the conversion occurs very quicly, and once detuning keeps
changing, there is no back conversion, and the system stays on the excited state.
Figure 3.8: Visualization of the Rapid Adiabatic Passage on the surface of the Bloch Sphere.
Note that the W component of the vector state~ρ leaves the value−1, and oscillates around 1.Image
taken from article [42].
3.5 The Analogy
The analogy to be made here, is relating the optical problem of three wave
mixing seen at chapter 2.2, and the two-level system studied in this chapter.
This way, we can relate the undepleted pump with the pump beam in the
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Figure 3.9: Landau-Zener efficiency for Rapid Adiabatic Passage, if the adiabatic condition is
NOT satisfied (α = 10≮ 1). The efficiency in this case is very poor.
atomic systems, while the signal and idler pulses are respectively analogous to
the ground and excited states.
Also, one can relate the coupling coefficient κ to the Rabi frequency, since
both relate intrinsic features of the the system (χ(2) and µ) to the pump beam
(|Ap|2 and ε).
The detuning (∆) from the atomic system, can be associated with the Phase
Mismatch (∆k) on the optical TWM. This way, to apply the detuning variation,
we must vary the poling period of the crystal. This variation is calculated on
appendix C.2.
A table relating all physical terms from TWM and two-level systems analogy
is shown below. Undepleted pump to constant pump beam, coupling coefficient κ
to Rabi Frequency Ω0, Signal and Idler to ground and excited states, respectively.
[42]
Parameter Optical Bloch Sphere DFG formalism
Evolution Parameter Time z axis
Ground/Excited State Population |ag|2, |ae|2 |As|2, |Ai|2
Detuning/Phase Mismatch ∆ ∆k




Table 3.1: A table relating all physical terms from TWM and two-level systems analogy, adap-
ated from [42].
Applying these concepts to the optical equations on TWM, the constant de-
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tuning corresponds to the single grating periodically poled crystal, where we must
set a specific poling period to convert a set of frequencies, the same way we must
choose a specific probe beam frequency to set detuning to be zero. However, if
we manage to vary the poling period obeying the same conditions to adiabatically
vary the probe frequency, we can have the same kind of conversion efficiency from
idler to signal.
A great advantage of doing this way, is that we can convert many colors in a
single crystal, since the poling period is constantly varying, we have in different
parts of the crystal, the phase matching condition (∆k = 0) satisfied for different
sets of frequencies, as seen on fig 3.10:
Figure 3.10: Different sets of colors converted along the crystal. Each one converts in the place
where phase matching condition is satisfied, and since poling period is constantly changing, there
is no back conversion .[32]
Also, it is important to remember that this analogy is only valid for studying
cases where the undepleted pump approximation may be applied, or more pre-
cisely for the cases of difference and sum frequency generation. It does not apply,
for instance, to study the case of optical parametric amplification as we will see in
chapter 3.4.1 [20].
However, the concepts studied here, regarding the rapid adiabatic passage, can
be used to engineer a crystal with a phase matching condition (See 2.3) obeying
this adiabatic conversion. The engineering of such a crystal can be found at the
appendix C.
The following chapter has some of the numerical simulations obtained through
this work. We make a comparison between the results we obtained, with results
from literature, and compare CW fields to pulses. We analyze the propagation,
their spectra, and average power throughout the crystal.
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Chapter 4
Conversion of Ultrashort Laser
Pulses
In this section we present our simulations, obtained assuming pulses with
gaussian temporal profile. We assume perfect phase matching (∆k = 0) at cen-
tral wavelengths of the pump and signal pulses. Then, we consider a periodically
poled crystal (∆k = constant), and a chirped crystal engineered with the RAP
conditions, described at 3.4.1. The design of the crystal can be found at the ap-
pendix C. Dispersion of the pulses are considered only via the group velocities,
thus taking into account the group velocity mismatch between pump, signal and
idler. Later, we consider the group velocity dispersion, but not higher order terms.
We finish our simulations using gaussian pulses (instead of CW), and make
a more realistic analysis of the average power (which is a measurable quantity),
compared to the CW laser case. This also allows us to have information about the
frequency spectrum, through the Fourier Transform of the laser pulses, since all
our analysis until now have been made in the time domain.
4.1 CW Laser Pulse Simulations
At first, we have simulations considering only CW lasers, where we numer-
icaly solve the coupled differential equations, having as input the power of each
pulse, and then with the electric field obtained we calculate the average power, the
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same way we did in chapter 2.
4.1.1 Comparison with Results from Literature
To validate our simulations, we compare our results with those of ref [20]
(shown bellow at figures 4.1 and 4.2). By using the exact same parameters as they
have used in their paper, we have the following results at figures 4.3 and 4.4.
Figure 4.1: Simulation at [20], where a pump (blue, at 1064 nm with 125 MW/cm2 intensity)
and a signal (green, at 1550 nm with 75 MW/cm2 intensity) interact in a nonlinear chirped crystal
(poling period varying from 29.86 µm to 30.86 µm), generating an mid-infrared idler (red).
It is important to note that these simulations above have been made using
the formalism given by the two-level systems analogy (explained at chapter 3).
However, due to the complexity to add the pump depletion to this formalism, we
maintained the coupled wave equations from chapter 2, and generated the results
from figures 4.3 and 4.4.
This has been made for the central frequency (where the phase matching pa-
rameter has been adjusted to be exactly 0), but can be easily simulated for different
frequencies, where we can see the conversion happening in other parts of crystal.
The difference between the crystal lengths in figures 4.1 & 4.2, and 4.3 & 4.4, we
believe that is a mistake in the simulation found in the article [20]. If we consider
a 4 cm long crystal,the final intensities of the pulses are the same.
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Figure 4.2: Simulation at [20], where a pump (blue, at 1064 nm with 375 MW/cm2 intensity)
and a signal (green, at 1550 nm with 25 MW/cm2intensity) interact in a nonlinear chirped crystal
(poling period varying from 29.98 µm to 30.85 µm), generating an mid-infrared idler (red).
Figure 4.3: Numerical simulation for the parameters used by Porat [20] at figure 4.1. Crystal
length from −1 to 1 instead of −2 to 2
4.1.2 Discreetly Chirped Crystal
Instead of a constant linear chirp, as described at C.2.1, we designed a crystal
made of a few "constant" domains. This means that our crystal is now the union
of some periodically poled crystal, and each of these parts will be responsible for
the conversion of a restrict set of frequencies.
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Figure 4.4: Numerical simulation for the parameters used by Porat [20] at figure 4.2. Crystal
length from −1 to 1 instead of −2 to 2
The crystal is better described at C.3, but the image below shows the crystal
design:
Figure 4.5: Periodic Chirped Crystal. Example of a crystal containing 5 different Periodically
Poled domains. Λ1 = 30.69 µm, Λ2 = 30.47 µm, Λ3 = 30.21 µm, Λ4 = 29.85 µm, Λ5 = 29.38 µm
Now, each domain is determined to convert a certain central frequency, which
will only be converted on it’s respective domain, as it happens on figures 4.6 and
4.7, where a 1.5 cm crystal is considered, with 5 different poling periods, varying
every 0.3 cm along the crystal. Pump is maintained at 1048 nm, and signal central
wavelengths are 1344 nm (Λ = 26.35 mm) and 1454 nm (Λ = 28.65 mm). Poling
periods chosen to perfectly match the pulses.
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Figure 4.6: Average Powers of Pump (Blue, 1068 nm), Signal (Black, 1344 nm) and Idler (Red,
3059 nm). Conversion happening at 2nd domain of the discrete chirped crytal, where the poling
period is Λ = 30.47 mm.
Figure 4.7: Average Powers of Pump (Blue, 1068 nm), Signal (Black, 1454 nm) and Idler (Red,
3385 nm). Conversion happening at 4th domain of the discrete chirped crytal, where the poling
period is Λ = 29.85 mm.
4.2 Gaussian Pulse Simulations
The simulations so far have been made by converting the input pulse peak
intensities to corresponding average cw average powers, given the repetition rate
and waist sizes. This only works if both pump and signal have both the same
pulse duration. If we pulses with different pulse durations for pump and signal,
CW simulations fail to show energy conservation, as seen on figure 4.8. This
motivates us to enhance our simulations, in order to take into account the temporal
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gaussian shape of the pulses.
Figure 4.8: Average power of an OPA, using pump (blue, 1048 nm with 3.6 W and pulse duration
of tp = 160 f s), and signal (black, 1568 nm with 0.13 W ts = 60 f s). In the crystal output, we have
pump with 0.63 W , signal with 0.95 W and idler (red) with 1.1 W
Note that, in the entrance of the crystal, we have a total average power of 3.73
W , and the output power is 2.68 W
We then decided to simulate Gaussian pulses, and see how it propagates along
the crystal. We then compare the results with the simulation for CW lasers
4.2.1 Case with no Dispersion
Initialy, we used the differential equations described in 2.2, noting that this
was an approximation for CW fields. This works well for monochromatic CW
fields, but for pulses we have to consider dispersion. Nevertheless it is instructive
to first simulate the pulses propagating without dispersion. In this case, pump,
signal and idler travel with the same group velocity and do undergo broadening
due to GVD during propagation.
Periodically Poled Crystal
Figures 4.9, 4.10 and 4.11 show respectively the pump, signal, and idler pulses
propagating through a 1.5 cm long PPLN crystal with a single grating (Λ = 30.49
µm) and assuming no dispersion. Note that along the crystal, we can observe back
conversion a few times.
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Figure 4.9: Pump pulse (1558 nm) propagating in a single grated crystal (30.49 µm). No disper-
sion is considered here
Figure 4.10: Signal pulse (1048 nm) propagating in a single grated crystal (30.49 µm). No
dispersion (GVM) is considered here
Figure 4.11: Idler pulse (3158 nm) propagating in a single grated crystal (30.49 µm). No
dispersion (GVM) is considered here
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The average power along the crystal is plotted in figure 4.12, calculated with
the numeric integration through time of the pulses from figures 4.9, 4.10 and 4.11.
Note again that, since the pulses propagate together without dispersing, we ob-
serve back conversion




















Figure 4.12: Average power of Pump (blue, 1568 nm, 3.6 W ), Signal (black, 1048 nm, 0.13 W )
propagating through a periodically poled crystal (Λ = 30.49 µm).
In figure 4.13, we have the spectra of these pulses.
Figure 4.13: The spectra of these pulses at the end of the periodically poled crystal (z = 1.5
cm). The insets show the expanded plots.
Here, we can see that the pulses have a broad spectra. This happens because
the amplification of the signal is faster when the parametric gain of the pump is
bigger [43]. This creates a peak structure on the time domain of the pulses (figure
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4.14), which implies a broadening of the frequency domain.
Figure 4.14: Pulses at the output of the PPLN crystal. Note the small peak structures, which
generates a broad pulse in the frequency domain.
4.2.2 Including Group Velocity Mismatch (GVM)
To consider a more realistic situation of Gaussian pulses, we now add to our
equations a term responsible for the dispersion of the pulses along the crystal,
considering only the group velocity mismatch. Group Velocity Dispersion and
higher order dispersive terms (see [37]) are still not being considered.
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We will be analyzing the problem in the pump beam frame of reference.





































de f f ApA∗i e
i∆kz



















Since the pulse travel along the crystal with different group velocities, it is
interesting to add some delay between the pump and the signal pulses at the crystal
input. Since we have assumed time duration of 150 f s each, we will start with a
delay of 450 f s, which is enough for them to be totally separated at the crystal
input (z = 0 cm), and imediatelly start interacting inside the crystal. The pump
and signal pulses at the entrance of the crystal (z = 0 cm) are plotted in figure 4.15
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Figure 4.15: Pump (blue) at 1048 nm (3.6 W ) and signal (black) at 1568 nm (0.1 W ), at the
entrance of the crystal (z = 0 cm). Time delay of 450 f s between both pulses. Both pulses have a
duration time of τFWHM = 150 f s
Since the waves propagate with different group velocities in the crystal, the
interaction time between them is very short, so that even if the crystal is big, the
pulses stop interacting with each other after 1.5cm (LGV M =
tp
GV M where tp is the







In figures 4.16, 4.17 and 4.18, we show how these pulses travel along this
chirped crystal:
Figure 4.16: Pump pulse (1048 nm) propagating through a PPLN crystal (Λ = 30.49 µm). The
pump power gets depleted as the signal crosses it. We assume a reference frame traveling at the
group velocity of the pump.
We are on the reference frame of the pump beam (blue), so we see the signal
(black) and the idler (red) moving forward, while the pump is static. The pulses
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Figure 4.17: Signal pulse (1558 nm) propagating through a PPLN crystal (Λ = 30.49 µm).
Signal travels "faster" than Pump.
Figure 4.18: Idler pulse (3158 nm) propagating through a PPLN crystal (Λ = 30.49 µm). Note
that idler is slower than signal, but still faster than pump
simulated at the end of the crystal (z = 1.5 cm) are plotted in figure 4.19. Figure
4.20 shows the average power along the crystal.
At first, because of the time delay, the pulses are not interacting. Then the
interaction starts, and it is possible to see some dynamics similar to that of figure
4.12, where we have a few cycles of generation of idler and back conversion.
However, it is easy to see that they stop interacting after a 1cm crystal, once they
are constant after this.
The spectra of the pulses is represented in figure 4.21, where we made a
Fourier transform.
In this single grated crystal, we observed that the pump beam had a depletion
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Figure 4.19: Pulses propagating through the periodically poled crystal with GVM included.
Position at z = 1.5 cm.




















Figure 4.20: Average power of pulses through the periodically poled crystal.
from 3.6 W to 1.0 W (see figure 4.20). Meanwhile, the signal has been amplified
from 0.1 W to 1.8 W and an idler of 0.8 W was created. Because of the parametric
amplification, instead of just converting signal to idler (which would limit the total
idler power to 0.1 W ), we produced 8 times more idler that the initial signal power,
which was also amplified by about 18 times.
Analyzing the Idler spectrum in figure 4.21, we see that its spectrum extends
from 3075 to 3220 nm.
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Figure 4.21: The spectra of these pulses at the end of the periodically poled crystal (z = 1.5
cm). The insets show the expanded plots.
Continuously Chirped Crystal
Now, if we use the chirped crystal described at appendix C.2, we will have a
crystal with 1cm, which is the total length needed for them to stop interacting due
to GVM. The propagating pulses through this crystal are represented in figures
4.22, 4.23 and 4.24.
Figure 4.22: Pump pulse (1558 nm) propagating in a linearly chirped crystal. Poling period
varying from 28.5 µm to 32 µm.GVM included. No more oscilation (indicating back conversion)
observed
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Figure 4.23: Signal pulse (1048 nm) propagating in a linearly chirped crystal. Poling period
varying from 28.5 µm to 32 µm.GVM included
Figure 4.24: Idler pulse (3158 nm) propagating in a linearly chirped crystal. Poling period
varying from 28.5 µm to 32 µm.GVM included
The pulses profiles at the end of this crystal (fig 4.25) show how these pulses
interact. Pump and signal acquire a certain structure as while they are propagating
together along the crystal.
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Figure 4.25: Pulses propagating through a linear chirped crystal. GVM included. Position at
z = 1.0 cm.
The average power, on figure 4.26 shows how much of idler has been created,
as well as the amplification of signal and depletion of pump. Comparing to figure
4.20, we see that this chirped crystal was able to generate much more idler than
the single grated.
Figure 4.26: Average Power of Pulses through a linear chirped crystal. GVM included.Pump
depletion from 3.6 W to 1.4 W , Signal amplified from 0.1 W to 1.6 W , and 0.7 W of Idler was
created.
In this linear chirped crystal, we observed that the pump beam had a depletion
from 3.6 W to 1.4 W . Meanwhile, the signal has been amplified from 0.1 W to
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1.6 W and an idler of 0.7 W was created, which is much more than the case of
periodically poled crystal. This happens, because even though the interaction time
was small, the pulse travelled along several phase matched conditions for different
frequencies, which enabled more frequencies to be converted. In figure 4.27, we
can see the spectra of these pulses at the end of the crystal.
Figure 4.27: Pulses spectra at the end of a linear chirped crystal (z = 1.0 cm). Smaller graphics
are the zoom on the structures of both Pump (blue) and Signal (black) spectra. Note that they carry
along the structure presented by the pulses on fig 4.25. We can see that the Idler (red) spectrum
has a linewidth from 3100 nm to 3250 nm.
The Conversion bandwidth of the Idler pulse is 3100 ∼ 3250 nm, which is
broader band compared to the periodically poled case on figure 4.21.
Discrete Crystal
Finally, let’s see what happens if we use the discrete crystal described at ap-
pendix C.3, again using a 1cm long crystal. The pulses at the exit of the crystal
will be like in figure 4.28, which show that the depletion of pump was very in-
tense, as well as the amplification of the signal. Again, some structure have been
created for both pump and signal pulses, which will also reflect in their spectra.
The general features of the average power plot in figure 4.29 are quite similar
to the chirped case, on figure 4.26, where a strong pump depletion is observed, as
well as an intense amplification of signal, and generation of idler.
In this discrete crystal, we observed that the pump beam had a depletion from
3.6 W to 1.2 W . Tthe signal has been amplified from 0.1 W to 1.7 W and an idler
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Figure 4.28: Pulses propagating through a discrete crystal. GVM included. Position at z = 1.0
cm.
Figure 4.29: Average Power of Pulses through a discrete crystal. GVM included. Depletion of
Pump from 3.6 W to 1.2 W , amplification of Signal from 0.1 W to 1.7 W , and generation of 0.8
W of Idler
of 0.8 W was created, which is the one with most power amog the three different
crystals analyzed.
The Fourier transform of the pulses in fig 4.27 gives the spectra of the pulses
showed at figure 4.30
The spectrum extands from 3100 to 3250 nm, however we can see some
smaller sidebands around 2950 nm and 3450 nm, which makes this generated idler
pulse with more frequencies, compared to the continuously chirped, and single-
grating case.
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Figure 4.30: Pulses spectra at the end of a discrete crystal (z = 1.0 cm). Insets show the spetra
of both pump (blue) and signal (black)
4.2.3 Including Group Velocity Dispersion (GVD)
We are now going to include group velocity dispersion into our equations. We
























































de f f ApA∗i e
i∆kz
where Kp, Ks and Ki are the pump, signal and idler group velocity dispersion
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Periodically Poled Crystal
Let’s first analyze the case of the crystal with single grating, with the phase-
matching poling period (Λ = 30.21 µm), and the input pulses from figure 4.15,
where the pump power is 3.6 W , and the signal 0.1 W , both with 150 f s of pulse
duration, and a delay of 450 f s is considered. Now, considering GVD, the output
pulses are shown in figure 4.31.
Figure 4.31: Pulses at the output (z = 1 cm) of a single grating crystal with Λ = 30.20 µm. GVD
is included.
Comparing these to the case where only GVM is considered (figure 4.19), we
see that all the pulses now are broadened, and also with a lower peak intensity.
Now, for the spectra of these pulses, we have figure 4.32.
Idler spectrum extands from nearly from 3100 nm to 3210 nm.
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Figure 4.32: Spectra of the pulses from figure 4.31 at the end of the periodically poled crystal
(z = 1.5 cm). The insets show the expanded plots.
Figure 4.33 shows the average power of the pulses along the propagation
through the crystal:




















Figure 4.33: Average Power of pulses through a single grated crystal. GVD included. Depletion
of Pump from 3.6 W to 1.0 W , amplification of Signal from 0.1 W to 1.8 W , and generation of 0.9
W of Idler
Here, we can see that the pump suffered a depletion from 3.6 W to 1.0 W , the
signal have been amplified from 0.1 W to 1.8 W , and the idler was generated with
0.9 W of power.
4.2 Gaussian Pulse Simulations 59
Continuously Chirped Crystal
Using now the continuously chirped crystal, with a poling period varying lin-
early from 32 µm to 28.5 µm, we have after a 1 cm long crystal the pulses from
figure 4.34.
Figure 4.34: Pulses at the output (z = 1 cm) of a continuously chirped crystal with poling period
varying from Λ = 32 µm to Λ = 28.5 µm. GVD is included.
4.2 Gaussian Pulse Simulations 60
Again, we see that the pulses have been broadened due to the GVD term added
to the equations when compared to the case where only GVM was considered (see
figure 4.25). Figure 4.35 shows the spectra of the pules.
Figure 4.35: Spectra of the pulses at the end of the continuously chirped crystal (z = 1.0 cm).
The insets show the expanded plots.
The average powers of the pulses are in figure 4.36.
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Figure 4.36: Average Power of pulses through a single grated crystal. GVD included. Depletion
of Pump from 3.6 W to 1.3 W , amplification of Signal from 0.1 W to 1.6 W , and generation of 0.8
W of Idler
Here, we can see that the pump suffered a depletion from 3.6 W to 1.3 W , the
signal have been amplified from 0.1 W to 1.6 W , and the idler was generated with
0.8 W of power.
Discretly Chirped Crystal
Now, for the discrete crystal case, considering group velocity dispersion, we
have in figure 4.37 the pulses at the output of the crystal (z = 1 cm).
Figure 4.37: Pulses propagating through a discrete crystal. GVM included. Position at z = 1.0
cm.
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Figure 4.38 has the spectra of these pulses.
Figure 4.38: Pulses spectra at the end of a discrete crystal (z = 1.0 cm). Insets show the spetra
of both pump (blue) and signal (black)
Idler spectral range covers from 3100 nm to 3350 nm, with an asymetric struc-
ture around 3400 nm.
Now, the average powe through the discrete crystal is in figure 4.39. Here, we
see the pump pulse was depleted from 3.6 W to 1.2 W , signal was amplified from
0.1 W to 1.7 W , and 0.8 W of idler has been generated.




















Figure 4.39: Average Power of Pulses through a discrete crystal. GVM included. Depletion of
pump from 3.6 W to 1.2 W , amplification of signal from 0.1 W to 1.7 W , and generation of 0.8 W
of idler
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4.3 Different Pulse Durations
To be able to compare our results and check if there is an agreement with actual
experimental results, let’s now make simulations regarding pulses with different
pulse durations (a case that does not work when dealing with CW beams as shown
in figure 4.8). We will now consider a pump beam with a pulse duration of τp =
210 f s, and a signal beam with τs = 60 f s, as in figure 4.40, and as described in
reference [17].
Figure 4.40: Input pulses with different pulse durations. Pump beam with 3.6 W of power and
pulse duration of τp = 210 f s, and signal beam with 0.1 W of power and pulse duration of τs = 60
f s.
4.3.1 Periodically Poled Crystal
This is the situation described in reference [17], where a 1048nm pump pulse
of 3.6 W and pulse duration of τp = 210 f s and a 1568 nm signal pulse of 0.1
W and pulse duration of τs = 60 f s propagate through a single grated crystal
(Λ = 30.21 µm). In figure 4.41, we can see the pulses at the output of the crystal
(z = 1.5 cm).
Again, we observe a very strong amplification of the signal, and generation of
idler, with a very strong depletion of the pump beam. Now, performing a Fourier
transform on these output pulses, we obtain their spectra, shown below in figure
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Figure 4.41: Pulses propagating through a single grating crystal with Λ = 30.20 µm. GVD is
included. Pulse durations of pump and signal of τp = 210 f s and τs = 60 f s respectivelly.
4.42.
Figure 4.42: Pulses spectra at the end (z = 1.0 cm) of a single grated crystal. GVD is included
We have again an idler beam with a spectral range from 3100 nm to 3250 nm.
The average power of the pulses through crystal is represented in figure 4.43.
We can now see a pump depletion from 3.6 W to 0.4 W , signal amplifcation
from 0.1 W to 2.2 W , and a generation of 1.0 W of idler. Now, relating to the
reference [17], we can compare some results. This reference describes a 3 mm
long PPLN crystal converting these exact pulses (pump, 3.6 W , 1048 nm. signal,
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Figure 4.43: Average power of pulses with different durations (τp = 210 f s and τs = 60 f s)
through a single grated crystal. GVD included. Depletion of pump from 3.6 W to 0.41 W , ampli-
fication of signal from 0.13 W to 2.22 W , and generation of 1.0 W of idler
0.1 W , 1568 nm (see appendix A). They observe a depletion from 3.6 W to 2.0
W , amplification of signal from 0.1 W to 1.2 W and generation of 0.5 W of idler.
However, the delay between the pulses was not measured in the experiment, while
in our simulations we are considering a 450 f s delay between pump and signal
pulses. Taking a closer look at figure 4.43, we can observe a similar result to the
aquired in the experiment (where they get an idler power of about 0.5 W ) if we
analyze a 3 mm crystal from 1 mm to 4 mm, a difference related to the dime delay
between the pulses. This suggests that, if their crystal was 4 mm long, instead of
3 mm, they could achieve a higher idler intensity.
4.3.2 Aperiodic Continuously Chirped Crystal
Using now the continously chirped crystal, with the gratings varying from 31.1
µm to 29.4 µm, we have on the output of a 1 cm long crystal the pulses shown in
figure 4.44.
The pump depletetion here is not as intense as the PPLN case described in
figure 4.41. However, the idler beam is narrower,implying in a broader spectrum
band. The Fourier transform of these pulses at figure 4.44 shows the spectra of
the beams shown in figure 4.45.
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Figure 4.44: Pulses propagating through a linear chirped crystal at z = 1 cm. GVD is included.
Pulse durations of pump and signal of τp = 210 f s and τs = 60 f s respectivelly.
Figure 4.45: Pulses spectra at the end of a linear chirped crystal (z = 1.0 cm). GVD is in-
cluded.Pulse durations of pump and signal of τp = 210 f s and τs = 60 f s respectivelly.
Here we can clearly see that the idler beam is broader than the one obtained
using the PPLN crystal. Here, we have a conversion bandwidth from 3000 nm to
3250 nm.
However, if we see figure 4.46, we see that we have a lower idler power com-
pared to the PPLN case.
Pump beam suffers a depletion from 3.6 W to 1.9 W , while signal amplifies
from 0.1 W to 1.2 W , and generates an idler of 0.6 W .
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Figure 4.46: Average power of pulses with different durations (τp = 210 f s and τs = 60 f s)
through a continuously chirped crystal. GVD included. Depletion of pump from 3.6 W to 1.9 W ,
amplification of signal from 0.1 W to 1.2 W , and generation of 0.6 W of idler
4.3.3 Discreetly Chirped Crystal
Finally, we take the discreetly chirped crystal with 5 single grated domains
within a 1 cm long crystal. The outuput pulses are on figure 4.47.
Figure 4.47: Pulses with different durations (τp = 210 f s and τs = 60 f s) at the output (z = 1
cm) of a discretly chirped crystal with Λ = 30.20 µm. GVD is included.
Pump depletion here is again very strong, however it is somewhere in between
the PPLN case, and the continuously chirped case. The spectra of the pulses are
in figure 4.48.
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Figure 4.48: Pulses spectra at the end of a discretly chirped crystal (z = 1.0 cm). GVD is
included. Pulses with different durations (τp = 210 f s and τs = 60 f s).
Conversion bandwidth here is from 3050 nm to 3250 nm. The average powers
of the beams are in figure 4.49.
Figure 4.49: Average power of pulses with different durations (τp = 210 f s and τs = 60 f s)
through a discrete crystal. GVD included. Depletion of pump from 3.6 W to 0.8 W , amplification
of signal from 0.1 W to 1.9 W , and generation of 0.9 W of idler
Pump depletes from 3.6 W to 0.8 W , while signal amplifies from 0.1 W to 1.9
W , and an idler of 0.9 W is created. We believe the discontinuity that appears at
z = 0.6 cm, is because of the small number of plot points. More plot points were
not considered due to computational time.
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Note that in this discretly chirped crystal, we have an idler pulse with fre-
quency bandwidth higher that the PPLN, but lower than the linear chirp, while the




In this work we analized the generation of Mid-IR ultrashort pulses with in-
terest in producing optical frequency combs for molecular spectroscopy. We con-
sidered techniques of nonlinear optics such as difference frequency generation
(DFG) and optical parametric amplification (OPA) between spectral components
of the same Er-fiber laser broadened in a highly nonlinear fiber. In particular we
considered a pump at 1048 nm and signal pulse at 1568 nm, which generated a
MIR idler in a PPLN (periodically poled lithium niobate) crystal.
We initially investigated this problem through an analogy with two-level sys-
tems using the concept of adiabatic rapid passage to produce conversion efficiency
approaching 100%. This is known as adiabatic frequency conversion, and works
well in converting the power of, for example, a 1 µm weak signal pulse into a 3
µm idler pulse, using a strong pump at 1.5 µm, which remains mostly undepleted
in power. The analogy also includes the geometric formalism of the optical Bloch
vector, which brings a different view of nonlinear frequency conversion.
A more interesting configuration, when the pump is at 1 µm and the signal at
1.5 µm, involves optical parametric amplification, which allows to generate higher
power both in the signal and in the MIR idler. In this configuration there is a strong
depletion of the pump.
This case was studied using the nonlinear Schröedinger’s equation for the cou-
pled electric fields, in which dispersion was considered only in the first order term
(group velocity), and then adding the second order term (group velocity disper-
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sion).
Simulations were done for temporal Gaussian pulses, in which we plotted the
pulse propagation, spectra and power along the nonlinear crystal. We considered
three kinds of crystals: a periodic crystal with single-grating, and aperiodic crys-
tals, with continuous or discrete chirp. The chirped crystal can be designed to
optimize conversion bandwidth and efficiency. We also considered beams with
different pulse durations, a case which CW simulations could not simulate prop-
erly, and which enabled us to compare our simulations to an experiment discribed
in the literature.
Comparing the results obtained for the cases where only GVM was consid-
ered, and the cases where GVD was also included, wee see that the pulses are
broadened, which makes the conversion less efficient when analyzing peak inten-
sities, and also a norrower spectra. This kind of effect would not make this much
difference if beams with a pulse duration of picoseconds (ps) or nanoseconds (ns)
where used. Higher order dispersion terms were not considered in this work.
Now, comparing the results for the different crystals considered, wee see that
the periodic crystal with single grating generates a high intensity idler pulse, and
also a very strong amplification of the signal, however they have a narrow spectra
compared to the other crystals. For the aperiodic cases, the continuously chirped
crystal, which uses the rapid adiabatic passage idea for it’s design, is the one that
generates the most broadband spectra, however it is the less intense idler. The
discrete chirp is a good option to obtain a mid term between these two cases. It
is important to remember that while the periodic crystal is optimized for the used
central wavelengths, the aperiodic crystals may be used for different wavelengths
and their efficiency will not be much affected.
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Appendix A
Experimental Setup for MIR
Optical Frequency Combs
In this appendix, we present some detail on the experiment in which our sim-
ulations are based on.
A.1 Experimental Setup
Figure A.1 is a schematic representation of the system used in the generation
of Mid-IR Optical Frequency Combs [17] for Dual-Comb Spectroscopy [4].
Figure A.1: Experimental setup for producing mid-infrared optical frequency combs for dual
comb spectroscopy [17].
Light from an Er-fiber femtosecond oscillator is amplified and used to generate
supercontinuum using a highly nonlinear fiber (HNLF). A small portion of this
supercontinuum (figure A.2) around 1 µm is amplified in Yb amplifier, so that two
branches at 1.0 and 1.5 µm are launched in free-space and combined in the PPLN
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crystal to generate the MIR idler at 3 µm. A similar, second comb is generated
and than overlaped on the potodetector (PD) with the first comb for dual-comb
spectroscopy. The absorption cell is placed in the path of one of the combs.
The Erbium oscillator generates pulses at λs = 1550 nm, at a repetition rate
of 100 MHz. After the fiber amplifiers, an average power of 130 mW is obtained.
This is the signal beam, which we used in our simulations. In the supercontinuum,
light at 1050 nm is amplified in Yterbium amplifiers to an average power up to 4
W . We used a smaller value (3.6 W )for the pump beam in our simulations.
Figure A.2: Spectrum of supercontinuum generated in a highly nonlinear fiber by Er:fiber laser
at 1550 nm. Portions at 1550 nm and 1050 nm are amplified in Er and Yb amplifiers, to produce
the pump and signal beams with up to 4 W and 130 mW respectively [17].
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Appendix B
The Sellmeier Equation for LiNbO3
The Sellmeier Equation is an empirical relation between the refractive index
of transparent optical materials and its wavelength. The equation’s name comes
after Wilhelm Sellmeier, who first idealized it in 1871 [39].
The coefficients for such equation are obtained empirically, and each dif-
ferent media has it’s own coefficients. The material we are considering in this
work is a congruently grown lithium niobate doped with 5% Magnesium Oxide
(MgO : C−LiNbO3). The Sellmeier equation for e−polarization can be found at
[38].
The temperature dependent Sellmeier equation is given by:
n2 = a1 +b1 f (T )+
a2 +b2 f (T )
λ2− (a3 +b3 f (T ))2
+




f (T ) = (T −24.5)(T +570.82) (B.2)
where f (T ) is the temperature parameter with T in Celsius, and λ in microns.
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Figure B.1: Refractive Index for 5% doped MgO : c−LiNbO3 crystal at 150oC for both Ordinary
and Extraordinary propagation axis.
Specifically in this work, we always used the extraordinary polarization, be-




In this section we consider three types of crystals, with the goal of optimizing
the conversion bandwidth and efficiency in MIR OFC generation via DFG/OPA
of a near-infrared laser.
C.1 Periodically Poled Crystals
For a periodically poled crystal with a single grating, the poling period is set
to satisfy the phase matching condition (∆k = 0) for two given wavelengths.
Figure C.1: Schematic figure of a periodically poled crystal. The length of two
subsequent domains is the poling period Λ.
Remembering, the phase matching condition is given by equation (2.16):
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δk = kp− ks− ki
In our case, we have the following laser parameters:















Hence, we have δk = 2080 cm−1. As described in 2.3.2, when we have a
poled crystal, the second-order nonlinearity "adds" to the phase matching a value
"kqpm = 2πΛ ", and depending on the poling period (Λ), this value can be adjusted.







Another crystal that we have considered is one with a nonconstant variation
of the optical domains. This way, we can vary several different periods for the
crystal, allowing us to observe frequency conversion for frequencies other than
the ones optimized with single grating crystal.
C.2.1 Using Adiabatic Evolution
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Where G(z) = az+ z0. To find this particular configuration (linear chirp), we
should determine the values for coeficients a and z0. To do so, we use the concepts
seen on chapter 3, such as the adiabaticity criteria (see 3.4.1) to determine the
variation of the poling period.
We set the poling such that the pulse central frequencies (λp = 1048 nm; λs =
1568 nm) are phase-matched at the center of the crystal (z = 0). To make ∆k(0) =
δk−G(0) = 0, we find that:
z0 = 2079.95cm−1
Now, to find out the value for the parameter a, we recall the condition of





By setting, for example, α = 0.1 1, we find a = 121.60 cm−2. The linear
chirp of the crystal then becomes G(z) = 121.6z+2079.95. Figure C.2 plots the
poling period along a 1 cm long crystal.
Figure C.2: Poling period of a linear chirped crystal, obeying adiabatic condition
for RAP, for difference frequency generation between 1048 nm and 1568 nm
Note here that since the poling period (phase-mismatch) is constantly chang-
ing, back conversion is avoided.
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C.3 Discrete Periodic Chirp
In this section we consider another possibility: a crystal with discrete chirp-
ing or several gratings. One example, shown in figure C.3, is comprised of five
gratings where each one has a period suitable to convert a different wavelength,
making possible to achieve broadband conversion with a potentially simpler crys-
tal fabrication.
Figure C.3: Periodic Chirped Crystal. Example of a crystal containing 5 different
Periodically Poled domains
The period of each domain is determined by the wavelength that we want
to convert. In our examples (at chapter 4.1.2), we used a 1.0 cm long crystal,
containing 5 domains with 2 mm each (see figure C.4):
Λ1 = 30.69mm ⇒ λi = 2928nm; (C.7)
Λ2 = 30.47mm ⇒ λi = 3059nm; (C.8)
Λ3 = 30.20mm ⇒ λi = 3210nm; (C.9)
Λ4 = 29.85mm ⇒ λi = 3385nm; (C.10)
Λ5 = 29.38mm ⇒ λi = 3590nm; (C.11)
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